We give a procedure to produce Möbius iterated function systems (MIFS) on the unit disc in the complex plane.
Introduction
Iterated function systems (IFS) devised by Hutchinson ([1] ) are primary tools to generate (and understand) a large class of fractals. It is however not an easy matter to analyze systems going beyond the similarity transformations on Euclidean spaces.
A particularly interesting class of IFS are Möbius iterated function systems (MIFS), but there are rather few examples of this class in the literature (see [2] ). In this note, we give a simple procedure to produce contractive Möbius functions on the unit disc in the complex plane which could serve for further investigations from various fractal * Anadolu University, Science Faculty, Department of Mathematics, 26470, Eskişehir, Turkey, e-mails: gokcecakmak@anadolu.edu.tr, adeniz@anadolu.edu.tr, skocak@anadolu.edu.tr † Corresponding Author.
points of view such as attractor properties, dimension considerations, tube formulas etc. Using Proposition 2 below one can produce easily all Möbius transformations which map the unit disc of the complex plane contractively into itself and use them to construct MIFS's at will.
For the convenience of the reader, we first give the following lemma:
and S ⊂ C be a circle with center M and radius R. Then, ϕ(S) is a circle with
(The circle S is mapped onto a line iff cz + d vanishes at a point on S; this can also be expressed as |cM + d| = R|c|.)
Proof. The circle S can be expressed as |z − M | 2 = R 2 ; if we denote
This equation shows that ϕ(S) is a circle with center
With a straightforward calculation one can see that the radius of ϕ(S) is
. (As the expression for R shows, S is mapped onto a line iff |cM + d| = R|c|.)
Contractive Möbius Transformations on the Unit Disc
We now give the following proposition which characterizes when a Möbius trans-
tively into itself. ("Contractively" means that there exists 0 < s < 1 such that 
Proof. For the first part, we remark that ϕ maps the unit disc into itself if and only if |M | + R ≤ 1, where M is the center of ϕ(S) (S = {z ∈ C : |z| = 1}) and R is the radius of ϕ(S); and additionally, ϕ(0) is mapped into the inside of ϕ(S), i.e.
By the lemma above (with M = 0 and R = 1) we have M = bd − ac |d| 2 − |c| 2 and
. (For the circle S to be mapped into a circle it must be |c| = |d|.)
Inserting the formulas for M and R into the above inequalities we get;
, which gives |c| < |d|.
Conversely, if these two conditions are satisfied then
ii. |M | + R ≤ 1 holds, since |M | + R = |bd − ac| + 1 ||d| 2 − |c| 2 | = |bd − ac| + 1 |d| 2 − |c| 2 by |c| < |d| and thus |M | + R ≤ 1 by the second condition.
We now consider the second part of the proposition. Let us first assume that the two given conditions are satisfied. Then by the first part of the proposition, the disc D is mapped into itself. So we just need to show that ϕ is a contraction. Since ϕ (z) = 1 (cz + d) 2 it will be enough to show that |cz + d| > 1 + α for all z ∈ D for some α > 0, because we could then write Proof. By Proposition 1 (part 2), it will be enough to show that |d| − |c| > 1 and |ac − bd| + 1 ≤ |d| 2 − |c| 2 .
For the first condition, note that
which gives |c| 2 + 2|c| + 1 = (|c| + 1) 2 < |d| 2 and therefore |d| − |c| > 1.
For the second condition, inserting the expression for a and b we get
and thus
(To find the center of the image of the unit circle and its radius, insert a = mc + rd 
Examples
Using Proposition 2 one can produce an infinitude of examples of Möbius iterated function systems. We give below several MIFS's by choosing r, m, c and d arbitrarily (only subject to the conditions of Proposition 2) and then determining a and b according to Proposition 2. We depict the corresponding attractors also (we used the software Cinderella [3] to generate them). We remind that, for an IFS consisting of the contractions ϕ 1 , ϕ 2 , ..., ϕ N on D (or on any complete metric space X), the Computing a 1 , b 1 and a 2 , b 2 according to the Proposition 2, one obtains
We show in Fig. 1 (a) the images of the unit disc with respect to ϕ 1 and ϕ 2 , and in Fig. 1 (b) the emerging attractor inside the unit disc. The emerging attractor inside the unit disc is shown in Fig. 2 . The emerging attractor inside the unit disc is shown in Fig. 3 .
